This paper investigates stability of the synchronous states for three homodromy exciters in the vibrating system, some theoretical analyses and simulation results on which are given. Based on Lagrange equations, the differential equations of motion of the system are obtained. Using the average method yields the dimensionless coupling torque balanced equations of three exciters and the simplified analytical expressions for synchronization criterion of the system are deduced, the stability criterion of the synchronous states complies with Routh-Hurwitz principle. The dynamic characteristics of the system for different frequency ratios are discussed numerically. In order to verify the validity of theoretical methods, the simulation results by a Runge-Kutta routine are carried out; it indicates that the motion state of the vibrating system can be classified into two types: sub-resonant state and super-resonant state. The motion type of the rigid frame is strong positive superposition vibration in a sub-resonant state; while in a super-resonant state, the exciting forces of three exciters are mutually cancelled and the rigid frame is motionless. During the design process of the vibrating machines, the ideal working points are only selected in a sub-resonant state, which makes the vibrating machines work efficiently.
Introduction
As a common phenomenon in nature, synchronization contains enormous research values. The so-called synchronization, which means that two or more objects achieve the same or similar physical form, such as the same velocity, the same phase, the same or similar motion trajectory, etc. In recent years, the researches about synchronization have mainly involved the fields of physics, biology, chemistry and society, such as complex network, couplings pendulum, mechanical oscillators, electromechanical devices, and so on. [1] [2] [3] [4] [5] In Yamapi and Woafo 6 "the synchronized integral" method is developed for positioning the measurement microphones. Vibratory synchronization is an important field of synchronization study, the researches on which have been developing in deep. The earliest detailed records about synchronization were conducted by Huygens. 7 Following, Rayleigh 8 found that two organ pipes could produce synchronized sounds when two air vents were approached, and Van der Pol 9 observed synchronous phenomena in nonlinear circuits. In the 1960s, Blekhman and co-workers [10] [11] [12] [13] first explained the synchronization problem of two identical exciters from the point of view of its theory. Wen et al. 14, 15 applied such theory to engineering and also developed it to a certain extent. Besides, Balthazar et al. 16 ,17 gave some reviews on the self-synchronization of two and four nonideal exciters by numerical simulations. The dynamic controls of synchronization for exciters were proposed by Nijmeijer 18 and Fradkov and Andrievsky. 19 Vibratory synchronization brings inconvenience or harm to people in a certain way. For example, when the vibrating machines operate synchronously, the structures of machines may be damaged, that is the common resonance in engineering, which can make the working efficiency greatly be affected. We can, therefore, take some measures to control vibration, for instance using 1:1 internal resonance absorber implements the nonlinear vibration control for flexible manipulator. 20 But in other respects, vibratory synchronization can also be beneficial to people's life, such as the launch and reception of the broadcast signal; the receiver can only receive this broadcast signal when the receiving frequency and transmitting frequency are consistent. The researches of vibratory synchronization are developing rapidly,which have facilitated the presentation of many new theory analysis methods and the extension of their application fields.
In vibration utilization engineering, vibratory synchronization theory is widely applied to many industries, such as self-synchronous vibrating crusher, screen classifier, conveyor, and so on. Figure 1 shows the long-distance vibrating conveyor with single-or dual-motor drive in a sub-resonate state. However, for the more long-distance vibrating conveyor desired in engineering, the driving power is limited and considering the uniformity of the exciting forces distribution, single-or dual-motor self-synchronous driving no longer meets the above requirements, only more than two exciters can be utilized for self-synchronous driving. Therefore, the study of synchronization theory for single rigid frame driven by three exciters is of great significance. Using three motors can not only overcome the problem of insufficient power, but also make the distribution of exciting forces be more uniform. Additionally, such vibrating conveyors have the advantages of compact structure, easy maintenance, low failure rate and strong stability.
The studying methods of synchronization theory for exciters are generally the method of direct motion separation proposed by Blekhman and co-workers [10] [11] [12] [13] and the averaging method of modified small parameters; based on the latter method, the synchronization problem of two or three vibrators rotating in the same (or opposite) directions for the far-resonant vibrating system has also been further studied. [21] [22] [23] Stability of multiple exciters in the system with double resonant types, however, is less involved.
In the present work, taking a dynamical model with three homodromy exciters for example, stability of the synchronous states for three exciters in the vibrating system with double resonant types is given. The dynamic model and differential equations of motion of the system are shown in the next section. In the following, the criterions of synchronization and stability are derived. "Numeric analyses on the coupling dynamical characteristics" and "Computer simulations" sections are devoted to discussing the coupling dynamic characteristics and the simulation results, respectively. Finally, conclusions are presented.
Dynamic model and motion differential equations of the vibrating system
The dynamic model of a considered vibrating system is illustrated in Figure 2 , which consists of a rigid frame and three exciters. The rigid frame is linked with the foundation by spring and guide plate, while three exciters are fixed on it. The center line of spring is parallel to the x-axis and vertical to the guide plate. Three exciters are driven separately by three induction motors rotating in the same direction, and their spin axes centers are o 1 , o 2 and o 3 , respectively. Additionally o 1 , o 2 and o 3 are collinear horizontally, u 1 , u 2 and u 3 are the rotational angles of three exciters, respectively. Due to the limitation of the guide plates, it can be supposed that the whole system displays the motion along with x-direction, and the displacement of the rigid frame is denoted by x.
Based on Lagrange's equation, the differential equations of motion of the vibrating system are derived as the following
where
Synchronization of three exciters and stability of the synchronous states
Assuming that the average phase of three exciters is u, the phase differences among which are 2a 1 and 2a 2 , respectively, i.e., u¼
Besides, the mass of the standard exciter is set as m 0 , then m 1 , m 2 and m 3 can be presented by
Hence When three exciters operate synchronously, their synchronous angular velocity _ u ¼ x m0 and the angular accelerations of three motors are approximately zero (i.e., € u i ¼ 0). Inserting equation (2) into the first formula of equation (1), it has
The response of equation (3) is expressed by
Synchronization criterion
Differentiating equation (4) twice, inserting the result into the last three formulae of equation (1) and integrating them over u ¼ 0 À 2p, after the rearrangement, the balanced differential equations of three exciters can be obtained
with
Here,
=2 is the kinetic energy of the standard exciter; the expressions of T e0i ði ¼ 1; 2; 3Þ can be referred in Zhao et al., 24 and T Li (i ¼ 1; 2; 3) is the output electromagnetic torque of the motor i. Based on equation (5), the difference of output electromagnetic torque between motors 1 and 2 and that between motors 2 and 3 are acquired, i.e.,
Rearranging equation (6) leads to
Here s c12 ða 1 ; a 2 Þ and s c23 ða 1 ; a 2 Þ are described as the dimensionless coupling torque between motors 1 and 2 and that between motors 2 and 3, respectively. The coupling dynamical characteristics of three exciters can be denoted as
Therefore, the synchronization criterion of three exciters is written in form
Equations (13) and (14) are conditions of implementing synchronization for three exciters, which can be described that the absolute values of dimensionless residual torque differences between arbitrary two motors should be less than or equal to the maximum of their dimensionless coupling torques.
Rearranging equation (5) by adding the whole formulae of it, we obtain
Here s a ða 1 ; a 2 Þ represents the average dimensionless loading torque of three motors, which is constraint function, i.e.,
In order to further analyze the synchronization ability of the system, the coefficients of synchronization ability are signified as follows
Generally, the larger the coefficients of synchronization abilities f 12 , f 23 and f 31 are, the stronger the synchronization abilities are, and the easier the system can implement synchronization.
Stability criterion of the synchronous states
From equation (2), we have
Supposing that D i ¼ i À i0 , linearizing ðD i Þ 0 around a 10 and a 20 , it can be obtained
Here
, a i0 is the mean value of stable phase difference and ð Þ 0 denotes the value of
Subtracting equation (22) from equation (21), subtracting equation (23) from equation (22) and rearranging them, the matrix equation is arranged as
where D ¼ ½d ij 2Â2 ,
Exponential time dependence for the form Da ¼ vexpðktÞ is assumed and inserted into equation (24) , solving the determinant equation det D À kI ð Þ ¼0 with respect to k, the characteristic equation is easy to derive, i.e.,
According to Routh-Hurwitz criterion, 25 the zero solutions are stable if and only if all the roots in equation (25) have negative real parts. Therefore, the coefficients of characteristic equation need to meet the following requirements
d ij are inserted into equation (26), the stability criterion of the synchronous states will be presented as
Numeric analyses on the coupling dynamical characteristics
This section will qualitatively give some numerical discussions based on the above theoretical results. It is assumed that three motors are the same (three-phase squirrel cage, 380 V, 0.75 kW, 50 Hz, 6-pole, rated speed 980 r/min). Additionally, the intrinsic parameters of three motors are known: the stator resistance 
Discussions on synchronization
As mentioned in "Synchronization criterion" section, s c12 ða 1 ; a 2 Þ and s c23 ða 1 ; a 2 Þ are limited functions of a 1 and a 2 , the curves of s cijmax (ij ¼ 12; 23) versus z x for different g i are shown in Figure 3 . We can see that the values of s cijmax are the least near the resonance point (i.e., z x % 1), which indicates that the dimensionless coupling torques between arbitrary two motors are very small at this point. According to equation (17) , the coefficient of synchronization ability f ij is defined as the ratio between s cijmax and s amax , which is called the coefficient of the general dynamic symmetry (CGDS). Just as analyses above, the better the CGDS is, the stronger the ability to implement synchronization is. Figure 4 shows the values of CGDSs versus z x for different g i . In Figure 4 (a), the parameters of three exciters are identical, g 1 ¼ g 2 ¼ g 3 ¼ 1; in other words, three exciters are symmetrical and the coefficients of synchronization ability satisfy f 12 ¼ f 23 ¼ f 31 . In Figure 4 (b), g 1 ¼ g 2 ¼ 1 > g 3 ¼ 0:5, exciters 1 and 2 are symmetrical, the coefficients of synchronization ability satisfy f 12 > f 23 ¼ f 31 . In Figure 4 (c), g 1 ¼ 1, g 2 ¼ 0:75 and g 3 ¼ 0:5, the relationship among f ij (ij ¼ 12; 23; 31) is clear, i.e., f 12 > f 31 > f 23 . It can be found that when z x is close to 1, the value of CGDS approaches to zero. Hence, the resonance phenomenon occurs when the synchronous rotational velocity approaches or reaches the resonance point. The closer to 1 z x is, the easier to achieve resonance the system is, and the weaker the synchronization ability is.
Discussions on stability of the synchronous states
According to equation (6) , under the condition that the synchronization criterion is satisfied, the phase differences 2a As illustrated in Figure 5 , the stable difference values of phase can be divided into two regions: sub-resonant state (z x < 1) and super-resonant state (z x > 1). In the case of z x < 1, the stable state of single equilibrium point is occurred; in other words, the stable phase differences are 2a
under the condition of three identical motors (i.e., g 1 ¼ g 2 ¼ g 3 ¼ 1). Similarly, exciters 1 and 2 are identical in Figure 5 (b), the stable difference of phase satisfies 2a
. It demonstrates that the stable difference value of phase is equal to zero when two exciters are identical; therefore, three exciters operate with the same phase and the interval of stable phase differences is (Àp=2; p=2), the exciting forces implement positive superposition, and the vibrating system has large amplitude.
If z x > 1, two equilibrium points can be reached, the phenomenon that the vibrating system has double equilibrium points is called as the diversity of nonlinear system. What is more, the stable difference values of phase approach to constant with the increasing z x , and the constant values of stable phase differences can be roughly found: (a) When x m0 is close to resonance point (i.e., z x % 1), there are several or no equilibrium points, which indicates that the system is unstable.
Based on the change of the stable difference values of phase with the increasing z x , the motion type of the rigid frame can be predicted. In the interval of z x < 1, the motion type is linear motion; in the interval of z x > 1, the exciting forces of three exciters are balanced with each other; therefore, the motion type of the rigid frame is nonvibration.
During the process of stability analyses, the stability criterion of the synchronous states is obtained by RouthHurwitz criterion. In order to further analyze and study the synchronization stability, the negative real parts about eigenvalues k 1 and k 2 of matrix D are referred to as the standards of synchronization stability ability. It can be considered that the closer to zero the coefficient of synchronization stability ability is, the weaker the synchronization stability ability of the system is. Figure 6 illustrates the curves of k 1 and k 2 ; comparing them for different g i , it is easy to draw the conclusion that k 1 and k 2 are smaller relative to other cases when g 1 ¼ g 2 ¼ g 3 ¼ 1, and the synchronization stability ability is stronger. It can be also noted that when z x is in the vicinity of 1, the values of k 1 and k 2 are the largest and close to zero. It manifests that the synchronization stability of the system is the weakest near the resonance point. 
Computer simulations
In order to further analyze the numerical results quantitatively, four groups of simulation results are performed by applying a Runge-Kutta routine to equation (1) . The parameters of the system are listed in "Numeric analyses on the coupling dynamical characteristics" section, and we will discuss the simulation results in detail.
As shown in Figures 7 and 8 , k x ¼ 36000 kN=m, z x % 0:62, three exciters all operate in a sub-resonant state. The stable differences of phase: The synchronous rotational velocities are both stabilized around 940 r/min. When three motors operate steadily, the average displacement of the rigid frame is around 10.8 mm for g 1 ¼ g 2 ¼ g 3 ¼ 1 and 9.8 mm for g 1 ¼ g 2 ¼ 1, g 3 ¼ 0:5. Comparing simulation results in Figures 7 and 8 with numerical ones of stable phase differences in Figure 5 , it can be found that the results of simulations are consistent with the lines l 1 (2a Figure 5 (a) and (b). When time reaches about 15 s, a disturbance of p/2 is added to motor 2, and the phase difference between exciters 1 and 3 is invariant (the fluctuation for g 1 ¼ g 2 ¼ 1, g 3 ¼ 0:5 is so small to ignore). Simultaneously, the phase differences between exciters 1 and 2 and that between exciters 2 and 3 are increasing rapidly at a short period, and they are exactly opposite. In addition, there exists a little displacement fluctuation at 15 s in Figures 7(e) and 8(e) . Figures 9 and 10 show the simulation results for g 1 ¼ g 2 ¼ g 3 ¼ 1 and those for g 1 ¼ g 2 ¼ 1, g 3 ¼ 0:5, respectively. It is known that k x ¼ 624 kN=m, z x % 5 and the stable difference values of phase: 2a 1 % 2a 2 % 1208 for
Three exciters all operate in a super-resonant state and the synchronous rotational velocities are both near 983 r/min. Under the condition of g 1 ¼ g 2 ¼ g 3 ¼ 1, the average amplitude of the rigid frame is zero when three motors are operating steadily. Comparing simulation results in Figure 9 (b) and (c) with numerical ones in Figure 5(a) , it can be found that the above facts coincide with what is shown in Figure 5 . When time is 15 s, a disturbance of p/2 is added to the motor 2, the phase differences among three exciters are fluctuated at a short period, 2a 1 and 2a 2 will return to 1208 with time. As illustrated in Figure 9 (e), the displacement is increasing in a short time at 15 s, then it tends to zero with time going on. It can be also noticed that the state of motion is instability before about 7 s and this period can be called the transitional region.
Under the circumstance of g 1 ¼ g 2 ¼ 1 and g 3 ¼ 0:5, comparing simulation results in Figure 10 (b) and (c) with numerical ones in Figure 5 (b), the simulation result of 2a 2 is smaller, but the changing value of which is much less than the numerical result of 2a 2 . Moreover, the amplitude of the rigid frame in the steady state is very small but not zero. In response to this phenomenon, the vibrating system has small amplitude due to the effect of damping. To balance the system load, the induction motor will generate enough coupling torques by changing the stable phase differences.
Conclusions
On the basis of the theoretical and numerical analyses, the following conclusions are drawn:
Under the circumstance that the small damping of the vibrating system is not neglected, the motion state of the rigid frame is discussed and classified into two types: (i) sub-resonant state and (ii) super-resonant state. The motion type of the rigid frame is strong superposition vibration in a sub-resonant state; while in a super-resonant state, due to the mutual cancellation of the exciting forces of three exciters, the rigid frame has no vibration.
Specifically, when three exciters are completely identical, the phase differences of three exciters are stabilized in the neighborhood of zero for a sub-resonant state; otherwise, in the vicinity of 2p/3 coincide with a super-resonant state. In view of the former, the energy can be saved, which is exactly desired in engineering. In contrast with that in sub-resonant and super-resonant states, the motion state is instability when it nears the resonance point, because there exist multiple equilibrium points or no equilibrium point.
In the existing investigation results, which focus on synchronization of three exciters in a super-resonant vibrating system, in this case the power of system cannot be improved by using three exciters instead of two. In this paper, however, the power of system with three exciters is obviously improved by setting one ideal working point region (i.e., sub-resonant state). The present work can lay a foundation for designing a new type of the longdistance vibrating conveyor, which can not only implement energy saving, but also the work performance of the vibrating machines is relatively best in a sub-resonant state when three identical exciters are selected.
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